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Introduction

The main problem of the Internet traffic, needing theoretical/practical solutions, is to
prevent its congestion. The mechanism for feedback traffic control on the Internet is
the Active Queue Management (AQM) for Transmission Control Protocol (TCP)
flows. The variable transmission delays in Internet traffic have a negative impact on
the feedback control stability and, consequently, AQM/TCP does not generally work
as well as when it was designed. Many researchers have addressed these problems in
different ways (Mascolo, 1999; Gunnarsson, 2000; Mascolo, 2000; Hollot et al.,
2001; Hollot and Chait, 2001; Hollot et al., 2002; Low et al., 2002; Ryu et al., 2003;
Cela et al., 2005; Rafe’ et al., 2007; Al-Hammouri, 2008; De Cicco et al., 2011;
Tolaimate and Elalami, 2011; Voicu, 2012). Their main objective is to maintain local
asymptotic stability for arbitrary network delays, link capacities, and routing topologies.
In this note, using the fluid-flow nonlinear model of TCP dynamics developed in
(Misra et al., 2000), it is proved an extension in the PD controller case of Theorem 2
given in (Hollot and Chait, 2001).
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Fluid-Flow Models of TCP Behaviour

The dynamic behaviour of TCP according to the fluid-flow model (Misra et al.,
2000; Hollot and Chait, 2001; Hollot et al., 2002) is described by the following system of nonlinear time-variant differential equations:
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where
w(t ) [0, w] (with w  const.  0 ) is the average TCP window size (in packets),
q(t ) [0, q ] (with q  const.  0 ) is the average queue length (in packets),
r (t ) [0, r ] (with r  const.  0 ) is the round-trip (delay) time,
c(t ) [0, c ] (with c  const.  0 ) is the link capacity,
n(t ) [0, n ] (with n  const.  0 ) is the load factor,
p(t ) [0,1] is the probability of packets mark, and
Tp  0 is the propagation delay.
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Asyptotic Stability Theorem for PD Controller

In order to obtain the system of nonlinear time-invariant equations associated to
(1), we take into account the following hypotheses:
Around the operating point (w0 , q0 , p0 ) we may consider:
1o
n(t )  N  const. , c(t )  C  const.
2o If r (t ) appears as an argument of a function, then we consider:
r (t )  R  const.
Now, from model (1) we obtain the following system:
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Following (Hollot and Chait, 2001; Hollot et a.l, 2002), the right hand side of w(t )
in (3) may be approximated by:
w(t ) w(t  R)
1
w2 (t )
1
(4)

p(t  R)  
p(t  R) .
2
R
R
2R
R
At the same time, with (4), for the operating point we may write:
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Now, denoting by

the small variations of the state variables ( w, q) and of the control p, all about the
operating point ( w0 , q0 , p0 ) , we obtain the following system of equations:
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According to the purpose of this note, we consider now the PD controller which is
described by the equation:
p(t )  k1q(t )  k2 q(t ), (9)
with k1  0, k2  0 and

p0  k1q0 ,

(10)
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Equations (8) and (11) describe the functioning of the entire system in the case of a
PD control structure for AQM/TCP flows. Eliminating w(t ) and p(t ) between equations (8) and (11) it results
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Theorem (extension of Theorem 2, Hollot and Chait, 2001)
For sufficiently small

 (k1   1 2 k2 )  0 ,

the equilibrium point of system (8),

(11) is asymptotically stable. A region of attraction is given by (26) and (27).

Proof
Consider the following positive definite Lyapunov function:
V (q, q)  0,5q 2 (t )  0,5 k1q 2 (t ) . (14)

The time derivative of V (q, q) is

V (q, q)  qq   k1qq  q(q   k1q),

(15)

where, for the simplicity, the argument t is no more written.
On the other hand, from (12) it follows that:
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By replacing (19) into (15) it results:
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for all t  R    t . Inequality (21) implies:
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for all t  R    t , where z (t )[ q(t ) q(t )  1 2 q(t )]T . According to (22) it
follows that:
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for all t  R    t . Substituting (23) into (20) it results:
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Since q and q are bounded, it is possible to take  (k1   1 2 k2 )   (k1   1 2 k2 )
small enough to force (k1   1 2 k2 ) z  (k1   1 2 k2 ) q and to make negligible the
last term on the right-hand side of (24). It results that:

V (q, q)  b(q)[k1 (q  q0 ) R(k1   1 2 k2 ) q ]q 
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According to (Hollot and Chait, 2001) it follows that there exists a (q, q) neighborhood over which V (q, q)  0 and a region of attraction is level-set interior

VL  {(q, q) : VL (q, q)  L},
where

(26)

L satisfies
(q, q) VL  k1 (q q0 ) R(k1   1 2k2 ) q  0.
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(27)

Conclusion

In this note, using the fluid-flow nonlinear model of TCP dynamics, it is proved an
extension in the PD controller case of Theorem 2 given in (Hollot and Chait, 2001).

5

References

1. Al-Hammouri, A. T. (2008). Internet congestion control: complete stability region for PI
AQM and bandwidth allocation in networked control. PhD thesis. Case Western Reserve
University; http://etd.ohiolink. edu/send-pdf.cgi/AlHammouri%20Ahmad%20Tawfiq.
pdf?case1189088621.
2. Cela, A., Ionete, C., and Ben Gaid, M. (2005). Robust congestion control of TCP/IP flows.
Proceeding ACMOS'05; www.wseas.us/e-library/conferences/2005 prague/papers/ 493314.pdf.
3. De Cicco, L., Mascolo, S., and Niculescu, S.-I. (2011). Robust stability analysis of smith
predictor-based congestion control algorithms for computer networks. Automatica, 47
(8), 1685-1692.
4. Gunnarsson, F. (2000). Problems and improvements of internet traffic congestion control.
Master’s
thesis,
Linköping
Universitiy,
www.control.isy.liu.se/student/
exjobb/xfiles/3098.pdf.

5. Hollot, C.V., Misra, V., Towsley, D., and Wei-Bo Gong (2001). A control theoretic analysis of RED. Proc. INFOCOM, 3, 1510-1519; http://dna-pubs.cs.columbia. edu/citation/
paperfile/22/hollot01control.pdf.
6. Hollot, C.V., and Chait, Y. (2001). Nonlinear stability analysis for a class of TCP/AQM
networks. Proc. of the Conf. on 40th IEEE Decision and Control, vol. 3, pp. 2309 – 2314;
http://pcsl.ecs.umass.edu/cbs/papers/cdc_ 01_mats.pdf.
7. Hollot, C.V., Misra, V., Towsley, D., and Wei-Bo Gong (2002). Analysis and design of
controllers for AQM routers supporting TCPFlows, IEEE TAC, 47 (6), 945-959.
8. Low, S. H., Paganini, F, and Doyle, J. C. (2002). Internet congestion control. IEEE Control Systems Magazine, 22 (1), 28-43.
9. Mascolo, S. (1999). Congestion control in high-speed communication networks using the
Smith principle. Automatica 35 (12), 1921-1935.
10. Mascolo, S. (2000). Smith's principle for congestion control in high-speed data networks.
IEEE TAC, 45 (2), 358-364.
11. Misra, V., Gong, W. B., and Towsley, D. (2000). Fluidbased analysis of a network of
AQM routers supporting TCP Flows with an application to RED. Proceedings of
ACM/SIGCOMM;
http://citeseerx.ist.psu.edu/viewdoc/
download?doi=10.1.1.114.2460&rep=rep1&type=pdf.
12. Rafe’, A., Alamgir, H., and Irfan, A. (2007). Robust AQM controller for time delay networks using Smith predictor. The 8th CTNB Symposium, John Moores University, Liverpool; www.cms.livjm.ac.uk/pgnet2007/Proceedings /Papers/2007-084.pdf.
13. Ryu, S., Rump, C., and Chunming Qiao, C. (2003). Advances in Internet congestion control. IEEE Communications Surveys & Tutorials (Third Quarter), 28-39;
http://nrlweb.cs.ucla.edu/publication/download/41/Wn_02.pdf.
14. Tolaimate, I., and Elalami, N. (2011). Robust control problem as H2 and H∞ control problem applied to the robust controller design of Active Queue Management routers for Internet Protocol. Int. J. of Sys. Appl., Engrg & Develop, vol. 5, issue 6, pp. 683-691;
http://www. universitypress.org.uk/journals/saed/17-206.pdf.
15. Voicu, M. (2012). Robust controller including a modified Smith predictor for AQM supporting TCP flows. CEAI, vol.14, no.3, pp. 3-8.

